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ABSTRACT.  This paper contains some basic results about analytic centers

and analytic diameters, concepts which arise in Vitushkin's work on rational

approximation. We use Carathéodory's theorem to calculate ß(K, z) in the case

in which K is a continuum in the complex plane. This leads to the result that,

if g: Q(K)—» A(0; 1) is the normalized Riemann map, then ß(g, 0)/y(K) is the

unique analytic center of K and ß(K) = y(K). We also give two proofs of the

fact that ß(g, 0)/y(K) e co(K). We use Bieberbach's and Pick's theorems to

obtain more information about the geometric location of the analytic center.

Finally, we obtain inequalities for ß(E, z) for arbitrary bounded planar sets E.

I. Introduction. The concepts of analytic center and analytic diameter arose

in the work of A. G. Vitushkin ([10], [ll]), who found necessary and sufficient

conditions, in terms of continuous analytic capacity, for certain planar function

algebras to be coincident. Following Gamelin [3], we shall modify Vitushkin's ori-

ginal idea by defining analytic centers and analytic diameters in terms of analytic

capacity rather than continuous analytic capacity. It is our purpose in this paper

to completely discuss the case in which the planar set in question is compact and

connected, and to shed some light on more general cases. As will become evident,

many of the classical results from the theory of one complex variable come into

play.

II. Preliminaries. Let K be a compact subset of the complex plane. Let fl(K)

denote the open connected subset of the Riemann sphere S   obtained by taking

the unbounded connected component of ¡C^ and adding the point at infinity. We

say that a function /: fl(K) -^ C is admissible for K if / is analytic on fl(K),

fix) = 0, and supz€Q,K. |/(z)| < 1. Let F be any subset of the complex plane. A

function is admissible for E if it is admissible for some compact subset of F.

We denote the set of admissible functions for E by u(F).
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Fix z. £ C. Any function / which is analytic in a neighborhood of infinity has

a series representation near infinity of the form

a\ a2 ai

/U) = a0+ —- +
iz-zQ)2    iz-zQ)5

It is clear that aQ = /(oo). Also, a^ is independent of the point z0, since

a.- lim zifiz) -/(»)).

Hence, we adopt the notation a. = /'(oo). The coefficient a2 does depend on

z_, and so we write a2 = ßif, z_). For R large,

f'M = èïh\=Rf{z)dz    md    M>Z0^¿Tf\z\.Rf{z){z-Z°)dz'

Hence, for any two points z,, z2, we get

M ßif,zl) = ßif,z2) + iz2-zl)f'M.

Now if E is as above, we define yiE), the analytic capacity of E, as y(E) =

sup, ¿¡»¡es |/'(°°)|. We shall assume that the reader is familiar with the most ele-

mentary facts concerning analytic capacity; they may be found in [3, Chapter VIII]

and [12, Chapter 3].

Theorem 1. Let E be contained in the disc A(zQ; r) and let f eu(B). Then

\ßif,zQ)\<ryiE).

Proof.  If / e QiE), then / £ Û(K) for some compact K C E. Define qbiz) =

(z — z.)/(z)/r.  Then <f> is analytic on Q(T<), and  \cf>\ < 1  on ß(K) by the maximum

principle. If  |<£(z')| = 1  for some z' eiî(T<), we would have  <f> m A for some com-

plex constant A of modulus   1; but then /(z) = Ar/(z — z ), and ßif, z ) = 0. So

we can assume \<f>\ < 1  on f2(K).  Define

,   .    fa) - ̂ (-)
h\z) =-.

1  - cf>ioo)cf,iz)

It is then immediate that h £ â(K), so |A'(~)| < yiE). But h'M = </>'{«>)/{l - |0(oo)|2)

= MA ^0)/Kl - |0(oo)|2). Since |0W| < 1, we get \ßi{, zQ)\ < ryiE), completing

the proof.

From now on, E will denote a bounded subset of the complex plane with

y(E)>0.
Definition.  For each z eC, let ßiE, z) = sup, £g,£)|/3(/, z)|/y(E) and

M{E, z) = supx£E|x - z\.

With this notation, our previous theorem may be stated as ßiE, z) < MÍE, z)

for all z. In particular, we may note that ßiE, z) < diam E for z £ E.

Our equation (*) easily yields the following three basic facts, the proofs

of which are omitted.
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Theorem 2.  For arbitrary >.,x. <G¡

(A) |j8(F, z ) - /3(F, z )\ < |zj — z \. So ßiE, z) is a continuous function of z.

(B) ßiE, x.) + j6(F, z2) > \zx - z2\. So ßiE, z) -, oo as z -» oo.

(C) If f e 0(F), am/ 0 < X < 1, Z¿e7z ßif, Xzx + (1 - X)z2) = X/3(/, «j) +

(l — X)/3(/, z,). So j8(E, z) z's a convex function of z.

Definition. The analytic diameter ßiE) of the set E is defined as ßiE) =

infz€C/3(E, z). Let E' = (<u £ C: /S(E, <u) = /3(E)}. By Theorem 2, it follows that

E   is a nonempty compact convex set. Any point a> £ E' is called an analytic

center of E.

Theorem 3. y(E) < /3(E) < diam E.

Proof.  If zQ £ E, then /3(E) < /3(E, z ) < diam E. For the first assertion, sup-

pose we are given yiE) > e > 0. Take / £ 3(E) with /'(oo) > yiE) - e. Then

/2 efl(E) and

|/3(/2,z)|     (/'W)2     (y(E)-e)2
/3(E, z) >- =->-H -yiE) yiE) yiE)

for all z. Letting f —» 0, we get ßiE, z) > yiE). Hence ßiE) > y(E).

The following facts are all easy and immediate consequences of our first two

theorems.  Again we omit proofs.

Fact 1. For all z e C and tu £ F'

max {/8(E), \z - a\ - /3(E)! < ßiE, z) < \z - a\ + j8(E).

FacZ 2. For all z, M(E\ z) < 2M(E, z). In particular,

supi|z -<u|: z £ E, a e E' }<2 diam E,

so every analytic center must be "close" to every point of E.

Fact 3. If F C S(a; r), then E' C A(a; 2r) and /3(E) < r.

We conclude this section with some transparent results on translation, magni-

fication, rotation, and symmetry.

Fact 4. For any c, z     z £ C with c 4 0, we have

(1) /3(E, z) = ßiE + z0,z + z0).

(2) ßicE, cz) = \c\ßiE, z).

Fact 5 . For any c, z    z £ C with c ^ 0, we have

(1) /3(E) = ßiE + z0) and (E + zQ)' = E' + zQ.

(2) ßicE) = \c\ßiE) and icE)' = c • E'.

Fact 6. If E is symmetric with respect to a line, then so are ßiE, z) and E .

In particular, since E   is convex, F has an analytic center lying on the line.

Fact 1. If E is symmetric with respect to two distinct lines, their intersec-

tion is an analytic center of E. (So there is at least some geometric justification

for the term "center" being used.)
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III. The case for continua. Throughout this section, K will be a compact con-

nected subset of the complex plane (to avoid trivialities, we assume that K is not

a one-point set), and g: ÍX/0 —» A(0; l) will be the normalized Riemann map (by

"normalized", we mean g(°°) = 0, g'(°°) > O). It is well known that g'(«>) = y(7C).

We shall be needing a specific case of the following classical result. For an

elegant proof using abstract Hardy space theory, as well as a discussion of the

classical sources, see [8].

Theorem (Carathéodory). Given «+ 1 complex numbers cQ, c.,-",c , there

exists an analytic function cf>: A(0; l) —» A(0; l) whose power series begins with

the terms cn + c,z+'->+c zT'
U 1 n

if and only if the matrix

0 0

0

0

l_cn      C77-l       Cti-2       '■■      C0J

bas norm < 1 as an operator on the Hilbert space Cn+ .

We shall now calculate /3(K, z) for all z.

Theorem 4 .

yU) +
1

ßiK, z)
4yiK)

/S(g> 0)

/3(«, 0)

yiK)

yiK)
for

for

ß(g, o)

ßig, o)

yiK)
< 2yÍK) \

yiK)
>2yiK)

Proof. Let K* = K - ßig, 0)/yÍK). If hiz) = giz + ßig, 0)/y(K)), then

h: Q(7<*) —» A(0; l) is the normalized Riemann map, and so y(7<) = g'M = ¿'(oo) =

yiK*). Using equation (*) preceding Theorem 1, we get

Let Cj, c2 £ C. Now there exists / eâ(T<*) with /'(») = cl and ßif, 0) = c2 if

and only if there exists an analytic function c/>: A(0; l) —» A(0; l) whose power

series begins with the terms c^z/yiK*) + c z2/(y(K*)) . (The correspondence is

evidently <f> = / ° h~  .) By Caratheodory's theorem, this last condition is equiva-

lent to the matrix
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M =
1

yiK*)
0       0

UyiK*))2    yiK*)    Oj

having norm < 1 as an operator on C . Since ||M|    equals the maximum eigenvalue

of the operator M*M (where M* is the conjugate transpose of M), it is easy to see

that

||M|| = (|A|2 + V2 \B\2 + Y2 |B|/4|A|2 + |B|2)1/2,

where A = Cj/y(/C*) and B = c2/iyiK*))2. The condition ||M|| < 1 is thus seen to

be equivalent to the condition |A|2 + |ß| < 1, that is, |cj2 + \c2\ <iyiK*))2. So,

using equation (*) again, we get

ßiK*, z) =     sup
l/8(/,2)|

sup
|/S(/,0)-z/'(oo)|

= yL!P)SUpi|C2"ZCl|:kl|2 + |C2l-(>'(íí*))2i

--L- sup||c2| + \z\\cx\: \cx\2 + |c2| <(y(K*))2!
yiK )

yiK*)

max \iyiK*))2 - x2 + |z|x: 0 < x < yiK*)\

(y(K*)+_i_ |z|2    for \z\ < 2yiK*\

_ ) 4yiK*) I
~\\z\    for \z\>2yiK*) )'

By Fact 4, however, ßiK, z) = /S(K*, z - /S(g, 0)/y(K)), and we already know yiK*)

= yiK). Our result then follows.

Corollary 5. ßiK) = yiK), and j8(g, 0)/y(K) is the unique analytic center of K.

Corollary 6.

Ír + — \z-a\2    for \z-a\<2r\

|z - a|    /or |z - a\ > 2r \

Hence /3(A(a; r)) ~ r and a is the unique analytic center of A(a; r).

Proof. If K = A(a; r), then g(z) = r/(z - a). For |z| > |a|, g(z) = r/z + ar/z2 +

a2r/zi +.-• , and so g'(oo) = yiK) = r and /3(g, 0) = ar. The result follows.
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More generally, if K is doubly symmetric (in the sense of Fact 7), Corollary 5

now tells us that the geometric center of K is the unique analytic center.

Remark. If K,, K. are as in the beginning of this section, with g<, g2 their

associated Riemann maps, and if TCj C K2 and ßig ,, 0)/y(7C,) = ßig2, 0)/yÍK ),

then Theorem 4 implies /3(Kj, z) < ßiK2, z) for all z. The assumption that the

analytic centers coincide is necessary.  For instance, if we take  K. = A(0; l) and

K2 = Ail; 3), then Corollary 6 implies ßiKv 8) = 8 > 7 = /S(7<2, 8). In particular,

this shows that a statement made in [3, Chapter VIII, §6] is false.

Remark. Since it is well known that the transfinite diameter, logarithmic capa-

city, and analytic capacity of a continuum are all equal, we have shown the equiva-

lence of the analytic diameter and transfinite diameter for such sets. Whether or

not they are equivalent in general is, to the best of my knowledge, an open question.

For the rest of this section, let co = ßig, 0)/yÍK).

Theorem 7. co £coÍK).

First proof.  Let A(z; r) be any closed disc containing K. Then Theorem 4 and

Theorem 1 imply \z - co\ < ßiK, z) < MÍK, z) < r, and so A(z; r) contains co. Since

A(z; r) was arbitrary and co(7<) is compact, the result follows.

Second proof.  Let K denote the union of K and the bounded components of

K^, and let diK) be its boundary. We shall first prove the theorem under the assump-

tion that diK) is a Jordan curve. The map g then extends to a homeomorphism

g: n(K)-» A(0; l). We claim that

(**) „-¿J^çrv')*.
Since limzn zg~ liz) = yiK) and g~ l is analytic in 0 < |z| < 1, it follows that

g       has Laurent expansion around zero of the form g~ (z) = yÍK)/z + aQ + a.z +

a^2 +• • •, valid for all 0 < |z| < 1  and converging uniformly on compact subsets.

If 0 < r < 1, term-by-term integration implies

„   1 r   8~1{z)j
a0 = 2n7J\z\=T—z—dz-

Letting r —» 1, we get

qy\z)

2777

If («)     W   ,        1    T277 ,^._!,  i6,Ma.=—■   i  i   ,-dz = — \      ig)   \e' )d0.
0     2777 Ji=1 z 2n Jo     "

But

ßig, 0) = lim  Ç2giO - £yiK) = lim Íg-Hz))2z - yiK)g-liz)
r—oo z—o

= lim zg-Hz) \g-Hz) -y-^-\ =y(K)a0,
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so a. = a>. This establishes our claim (**). Hence, tu is a limit of expressions of

the form

Z iï)-\e'9i)  ^±,       *,•.,<<?*<*,•. eQ = 0,en = 2n,
y=i

each of which is a convex linear combination of points in K (in fact, in d(K)). So

0) ££o"(K) = co(K).

Now, for arbitrary K, there exists a sequence of compact, connected, simply

connected sets iv    such that K   D K     .,   \\K   - K, and, for each tz, dK    is a
n nn+i n ' ' n

Jordan curve.  Let g    and cu    be the normalized Riemann map and unique analytic

center associated with  K .  By the first part of this proof, a>    e coiK ).  It is well

known that g   —> g uniformly on compact subsets of fl(K).  Using the integral

representations for g   (oo) and ßig , 0) established earlier, it follows that yiK )

—» yiK) and ßig , 0) —> ßig, 0). So w   —»eu. Since co(K ) is compact and

co(K ) 3 co(K    .), we have co e coiK ) for all 72. Then a £ fl co(K ) = coik) =
n n + 1 tz 71

co(/0. This completes the second proof.

We can get some further information about the geometric location of (o by using

two classical results concerning univalent functions. Let J denote the collection

of all univalent analytic functions /: A(0; l) —» C with /(0) = 0 and /'(O) = 1.

Such functions have power series expansions of the form

f(z) = z + a2z   + a^z   +•••.

Bieberbach's theorem states that \aJ < 2 whenever / £ J . Pick's theorem states

that |a2| <2(l - l/M) whenever / £ Î and |/| < M.

Theorem 8. sup||z - tu|: z e K\ < 2yiK).

Proof.  Fix zQ £ K, and let /(z) = yiK)/ig-\z) - zA. Then / £ Î, so

|a2| <2. But

,.   /(*)-*   ,.   figiO)-giO z0CgiO-iC7g(O-CyiK))
a2 =   hm-— = hm-=  l¡m

-°    -2      £-0    (g(0)2        t-      iC2-Cz0)igiO)2

_ *0yW - ßig, 0)     j
wr~mïGô{x°-<a)'

Thus |zQ - (o\ < 2yiK), establishing the result.

Corollary 9. If z e K, then

ßiK,z) = yiK)+J-\z-a\2.
4yiK)

Hence ßiK, z) < 2yiK) for all z e K.
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Proof. Both statements follow immediately from Theorem 4 and Theorem 8.

Example. A compact, connected, simply connected set need not contain its

analytic center. Pick £ > 0 but small and let

.K=\rei6: 0<r< 1, 0 = + arc sin f i.

We shall be very lazy in that we shall not try to exhibit the map g. By Fact 6, co

is real. For any §> 0, there is a curve T winding around K such that length

(D < 2 + 2e + 8, so yiK) <Í2 + 2¿)}2ir = (l + f)/?r. Theorem 8 implies that co must

be within 2y(K) of every point of K. Since 0 £ K and \¡1 - e   + ie £ K, we respec-

tively obtain co < 2(l + f)/V and co > \/l -e2 - y^O + e)2/??2 - t2. So 1 - 2/tt -

vie) < co < 2/?7 + vit), where vie) —»0 as e —» 0. In particular, co 4 K for all small e.

Theorem 10. Let K., g-,co- be as usual for i = 1, 2. If K. C T<2, then

lû>2 -ö>j| <2ÍyÍK2)-yÍKl)).

Proof. Since QÍK2) C iï(Kj), we can define <f>: A(0; l) -» A(0; l) by <f) = gl°

g2   . Then <p"  is a univalent analytic function with <£(0) = 0. If <£(z) = a.z + a z

+ • « •, an application of Pick's theorem to cfj/a.  yields  \a fa,| < 2(l - \a.\). But

0(z)     .   gl(0    .    Cgt(0   yiK,)
lim -=   lim —— = lim

and

1    2_o   2     £-oog2(0    t-^¿g2(0   y(K2)

^(z)-ajz gj(0-<7ig2(0
a, = lim-=  lim-

2     z-0 z2 E-00       ig2iO)2

(C2gx(0 - Cyi^!)) + aACyiK2) - í2g2(0)
=   lim

Ç-.00 «g2(¿))2

j3(g1,0)-a1/3(g2,0)       yiK,)
: iyiK2))2 " (y(7<2))2

The result then follows.

(o), -ct>2).

Corollary 11. 7/ K C A(a; r), fee« |a - <u| < 2(r - yiK)).

Proof. Take K. = K and 7<2 = A(a; r) in the theorem, and use Corollary 6.

IV. Remarks about the general case. Needless to say, once we abandon the

assumption that we are working with compact connected sets, problems about

analytic centers and analytic diameters become extremely difficult, since we no

longer have available Riemann maps to convert these problems into questions

about the open unit disc. We shall therefore content ourselves with a result about

"nice" open sets, and three inequalities that follow from Carathéodory's theorem.
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We say a compact set  K in the complex plane is starlike with respect to

a £ int K if (a, x) C int K whenever x e K. Note that such sets are connected and

simply connected.

Theorem 12.  // K is starlike (with respect to some a e int K), then

/3(int K, z) - ßiK, z) for all z.

Proof.  By Fact 4, we can assume a = 0. If 0 < r < 1, then rK C int K, so

y(K)>y(int K) >   sup  yirK) =  sup   ryiK) = yiK).
0<r<l 0<r<l

Thus yiK) = y(int K). Since fl(int K) C Ö(K), we have /3(int K, z) < ßiK, z) for

all z. For the reverse inequality, fix z £ C and 0 < r < 1. Note that /(£) £ Ö(K)

if and only if hi O = fO/r) £ äirK), and r2/3(/, z) = ßih, rz). Since 3(rK) C

ö(int K), we have

„,       , \ßV,z)\ \ßih,rz)\/r2     1
ßiK, z) =    sup   -<      SUp      -.-.-= —/3(int K, rz).

/£(3(K)      y(K)        heâ(imK)     yiint K) r2

By Theorem 2A, /3(int K, z) is a continuous function of z. So ßiK, z) <

lim,.^ j8(int K, rz)/r   = /3(int K, z), completing the proof.

Remark. In view of this result, and the fact that y(int K) = yiK), all of the

results of the previous section carry over in obvious fashion to the interiors of

starlike sets (with the analogue of Theorem 7 being that cu £ cö"(int K)).

An analysis of the proof of Theorem 4 yields the following version of Carathéodory's

theorem, which is really all we need in dealing with analytic centers and analytic

diameters:

Theorem.  Let b,, b2 £ C.  Then there exists an analytic function çS: A(0; l)

—» A(0; l) whose power series begins with the terms b ,z + b2z2 if and only if

\bx\2 + \b2\<l.

Theorem 13. Let Q be a compact subset of the complex plane with yiQ) > 0.

Let h be the Ahlfors function for Q, and let cù = ßih, 0)/yiQ). Then

'yiQ) + -2— \z-oj\2    for   \z-co\ <2yiQ)\

i\z — (ú\      f0
*■•**■      -*?-..,>*,.

Proof. As in Theorem 4, ßih, cu) = 0. If \z - <a\ < 2yiQ), let

F-S        .       4(y(Q))z-|z-cu|

2y(2) 2 4(y(Q))2

Then |èj|   + \b2\ = 1. Let <f> be as in our special version of Carathéodory's

theorem, and let / = cZ» ° h. Then / £ u(Q) with
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ßif, z) = bßib, z) + b2ß(h2, z) = bA#> _ z)yiQ) + b2iyiQ))2

= iyiQ))2 +lÄ\z-co\2.

So ß(Q, z) >\ßif, z)\/y(0) = yiQ) + \z - co\2/4yiQ). If \z - co\ > 2yiQ), let / =

- (F - 5)A/|* -û)|• Then / £ fl(Q), and /3(/. z) = - (z - â)/3(è. z)/|z - a\ = |z - <u|y(g).

So /3(Q, z) > \ßif, z)\/yiQ) = \z -co\, establishing the theorem.

Remark. Our choice of b.  and b2 above was obviously motivated by an analy-

sis of the maximizing function in Theorem 4.

Corollary 14. co £coiQ).

Proof. Completely mimic the first proof of Theorem 7.

Remark. In view of Theorem 13 and Corollary 14, it would seem very likely

that co is an analytic center of Q, and probable that co is the unique analytic cen-

ter. Further evidence comes from the fact that co must lie on any axis of symmetry

of Q (this follows from the uniqueness of the Ahlfors function), so, if Q is doubly

symmetric (in the sense of Fact 7), co is indeed an analytic center of Q. But these

two conjectures are still unresolved.

For the remainder of this paper, E will be (as before) a bounded set with

yiE) > 0.

Theorem 15.  If E C A(a; r), then

ir2 + V4\z-a\2)    for  |z-a|<2r]
1      (.2

\y(E)

ßiE, z) <

,-^lz-al    /or|z-a|>2r

Proof. By Fact 4, we can assume that a = 0, r = 1. If / e u(E) with / (oo) = c,

and ßif, O) = c2, then there exists an analytic function çS: A(0; l) —» A(0; l) such

that cp\z) = cxz + c2z2 +. •.. (Obviously, cf>iz) = /(l/z).) By Carathe*odory's

theorem, we must have |cx|   + |c2| < 1. But then

fíln    * l/3(/,*)| |/3(/,0)-z/"(~)|
ß\E, Z) m       SUp    -—— =      SUp

fe3(E)     y(B)       /e6!(E) y(£)

~v(F) SUP'lc2-zcll: lcl|2 + lc2l -1*

2-^ il+y4\z\2)    for   |z|<2

= \-Le)\z\    for|z|>2
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Theorem 16.   //ED A(a; r), then the reverse of the inequality in Theorem 15

holds.

Proof. Completely analogous to that of Theorem 15.

Unfortunately, these last two estimates are far too weak to be of much value.

In particular, they yield no new information about the location of analytic centers.

In closing, I shall list what I believe are the most important open questions

in the field. They are as follows:

(1) Does /3(E) = y (E) for all E?

(2) Does Ex C E2 — ßiEx) < ß(E2)?

(3) Does every set E have a unique analytic center?

(4) Is it true that E' C co(E)?
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